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This study investigated whether instruction that involves compar-
ing the equal sign with other relational symbols is more effective at
imparting a relational interpretation of the equal sign than instruc-
tion about the equal sign alone. Third- and fourth-grade students
in a comparing symbols group learned about the greater than, less
than, and equal signs and had the opportunity to compare the
inequality symbols with the equal sign. Students in an equal sign
group learned about the equal sign only. A third group of students
served as a control group. Three aspects of students’ knowledge
were assessed before and after the lesson: (a) conceptual under-
standing of the equal sign, (b) equation encoding, and (c) problem
solving. Students in the comparing symbols group showed greater
gains in conceptual understanding from pretest to posttest than
students in the other two groups, and students in the comparing
symbols group also scored higher on a posttest that assessed
knowledge about inequality symbols and inequality problem solv-
ing. Thus, they learned about three symbols in the same amount of
time as other students learned about the equal sign alone or not at
all. Therefore, an instructional approach involving comparison can
be an effective tool for learning about concepts in mathematics.

� 2010 Elsevier Inc. All rights reserved.
Introduction

Students use the equal sign extensively in arithmetic, but many students hold misconceptions
about it. The purpose of the current study was to test an approach to instruction about the equal sign
that involves comparison. Specifically, we investigated whether instruction that involves comparing
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the equal sign with other relational symbols is more effective at promoting a sophisticated relational
interpretation of the equal sign than instruction about the equal sign alone.

Understanding of the equal sign in elementary and middle school

Many elementary and middle school students hold an operational view of the equal sign, interpret-
ing it as meaning ‘‘the total” or ‘‘put the answer” (Baroody & Ginsburg, 1983; Kieran, 1981; Rittle-
Johnson & Alibali, 1999). They view it as signaling a process or an action rather than a relationship
between quantities (Kieran, 1992). In contrast, students who view the equal sign as expressing a rela-
tionship between quantities hold a relational view, interpreting the equal sign as meaning ‘‘the same
as”. Although an operational understanding of the equal sign may be sufficient for solving standard
equations such as 3 + 4 = __, it can lead to difficulties with more sophisticated problems. For example,
when solving equivalence problems such as 4 + 3 + 5 = 4 + __, many late elementary school students
apply their operational understanding of the equal sign and add the numbers before the equal sign
to get a solution of 12 or add all of the numbers to get 16 (e.g., Perry, Church, & Goldin-Meadow, 1988).

There also appear to be broader consequences to having an inadequate understanding of the equal
sign. Students who hold an operational understanding of the equal sign have difficulties in the tran-
sition to algebra. More specifically, students who have an operational understanding perform more
poorly than students who have a relational understanding in solving linear equations, even after con-
trolling for mathematical ability (Knuth, Stephens, McNeil, & Alibali, 2006). Moreover, students who
have an operational understanding learn less from lessons about how to solve linear equations (Grob-
man & Alibali, 2007).

Unfortunately, standard classroom instructional approaches used in the United States are often
unsuccessful in helping students to develop a relational conception of the equal sign. Students’ expe-
riences with arithmetic may promote an operational understanding (Baroody & Ginsburg, 1983; Behr,
Erlwanger, & Nichols, 1980; Carpenter, Franke, & Levi, 2003; McNeil, 2007; Seo & Ginsburg, 2003). For
example, an analysis of middle school curricular materials revealed that the equal sign is most often
presented in an ‘‘operations equals answer” context (e.g., 3 + 4 = 7), which is compatible with an oper-
ational interpretation (McNeil et al., 2006). Moreover, students who are asked to define the equal sign
in this standard ‘‘operation equals answer” context are far less likely to offer a relational interpretation
than students who are asked to define the symbol in a nonstandard context (e.g., 7 = 7, 7 = 3 + 4,
3 + 4 = 2 + 5) (McNeil & Alibali, 2005a; McNeil et al., 2006). Students’ experiences with arithmetic in
‘‘operations equals answer” contexts, therefore, may foster an incorrect view of the equal sign as an
operational symbol rather than a relational one.

Another possible source of children’s operational understanding may be the instruction they receive. A
comprehensive study of six American preservice mathematics teacher textbooks revealed that little expla-
nation was provided to teachers about how to teach students about the equal sign (Li, Ding, Capraro, &
Capraro, 2008). One textbook even recommended that teachers use objects to show students that the equal
sign means how many objects there are altogether—a suggestion compatible with an operational interpre-
tation. Nevertheless, despite little or no direct instruction typically being provided to students about the
equal sign’s meaning, students become familiar with the symbol in equations and begin to make inferences
about its meaning (e.g., Baroody & Ginsburg, 1983; Kieran, 1981; Rittle-Johnson & Alibali, 1999).

The purpose of the current study was to test an approach to instruction about the equal sign that
involves comparison. Specifically, we investigated whether students gain a deeper relational under-
standing of the equal sign if they are invited to compare the equal sign with other relational symbols
with which they are already familiar, specifically inequality symbols. We anticipated that comparison
would foster in students a relational understanding of the equal sign. We based this prediction on past
research from cognitive and educational psychology that focuses on the effects of comparison on
learning (e.g., Gentner & Markman, 1994; Gentner & Medina, 1998; Schwartz & Bransford, 1998).

Effects of comparison on learning

A number of studies have documented that comparison can promote a deeper understanding of the
concepts being compared. Gentner and colleagues have studied comparison as a means to facilitate an
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understanding of relational commonality or similarities between stimuli in regard to the relationships
they share (e.g., father–son paired with mother–daughter, large–medium paired with medium–small)
(Gentner & Markman, 1994; Gentner & Medina, 1998). When asked to choose between a relational
match and nonrelational match to a target pattern, 4-year-olds were able to compare the two choices
and select the pattern with higher order relational similarity over the pattern with nonrelational ob-
ject similarity (Kotovsky & Gentner, 1996). Through comparison, children learned to recognize more
abstract commonalities such as relational similarity.

Building on this past research about comparison, Schwartz and Bransford (1998) designed an
instructional approach called contrasting cases instruction. Before teaching a lesson on the concept
of schema, they divided a college lecture class into two groups: one that received six different accounts
of a typical dentist’s office visit and one that received only a one-page summary of the same accounts.
Both groups were simply told to read the handouts before attending the following lecture. Students
who compared and contrasted the six accounts scored higher than their classmates on subsequent
multiple-choice and essay tests about schemas. Through detecting similarities and differences among
several examples of the concept, students acquired a deeper understanding of the concept.

Rittle-Johnson and Star (2007) were the first to apply a contrasting cases approach in the domain of
mathematics. They asked seventh-grade students to compare and contrast two solution procedures
for solving the same algebra problem and found that these students were more likely to correctly solve
posttest and transfer problems than other students who viewed the two methods sequentially. Engag-
ing in conversation about the similarities and differences between the two procedures for solving the
same problem was more beneficial than discussing the two procedures separately (Rittle-Johnson &
Star, 2007; Star & Rittle-Johnson, 2009). Along similar lines, we believe that comparison can promote
learning not only about procedures but also about concepts. Specifically, we predict that comparing
the equal sign with a related, previously learned concept (inequality as expressed in inequality sym-
bols) may allow students to notice important similarities while highlighting important distinctions.

Students are typically introduced to and become familiarized with comparing numbers and quan-
tities in first grade, and they are taught to use inequality symbols shortly thereafter, as is evident in
elementary school textbooks (e.g., Greenes et al., 2005; Kliman, Tierney, Russell, Murray, & Akers,
1997). The greater than and less than signs by definition require students to understand the relation
between the quantities represented on the two sides of a mathematical statement. Comparing
inequality symbols and the equal sign might allow students to connect their prior relational under-
standing of inequality symbols to the desired relational understanding of the equal sign and to view
the equal sign as meaning not greater than, not less than, but the same as. Thus, we anticipate that com-
parison will lead to a deeper conceptual understanding of the equal sign.

The current study

In this study, we compared students’ learning about the equal sign from a lesson that provided stu-
dents with an opportunity to compare the equal sign with inequality symbols, a lesson that focused on
the equal sign on its own, and a control lesson that did not focus on the equal sign.

For the purposes of this article, we focused on three critical aspects of mathematical knowledge:
procedural knowledge, problem encoding, and conceptual knowledge (Hiebert, 1986). Procedural
knowledge refers to the ability to execute action sequences for solving problems (including the ability
to adapt these procedures for new problems) (Rittle-Johnson & Alibali, 1999; Rittle-Johnson, Siegler, &
Alibali, 2001). Problem encoding refers to the internal mental representation of features of a problem
(Chase & Simon, 1973; Kaplan & Simon, 1990; Siegler, 1976), which has been shown to be associated
with problem-solving strategies (McNeil & Alibali, 2004). Conceptual knowledge refers to explicit or im-
plicit understanding of principles that govern a domain and relations among pieces of information
within or across a domain (Rittle-Johnson & Alibali, 1999; Tennyson & Cocchiarella, 1986).

We predicted that a lesson that involved comparing concepts (i.e., comparing the equal sign with
other relational symbols) would lead to gains in conceptual understanding. Through comparison, stu-
dents would acquire a deeper understanding of the meaning of the equal sign; for example, they
would be able to provide an appropriate definition, recognize that it is similar to other relational sym-
bols in mathematics, and judge nonstandard equation formats (e.g., 5 = 5, 7 = 3 + 4) as ‘‘making sense.”
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We expected that students, in gaining a better understanding of relational symbols via a compar-
ison-based instructional approach, might also extend this knowledge to notice and encode the posi-
tion of the equal sign when it appears in equations; for example, they would be able to accurately
recreate equations from memory, including ones that do not have an ‘‘operations equals answer”
structure (e.g., 3 + 4 + 6 = 3 + __).

Given that conceptual knowledge and procedural knowledge are intimately related, and that gains
in one often lead to gains in the other (Rittle-Johnson & Alibali, 1999; Rittle-Johnson et al., 2001), we
predicted that a better understanding of the equal sign through comparison with other relational sym-
bols would also lead to gains in procedural knowledge as revealed by students’ ability to more accu-
rately solve problems that involve the equal sign (e.g., 3 + 4 + 6 = 3 + __).

In brief, we hypothesized that students who receive instruction about the equal sign would
show greater gains in conceptual knowledge, equation encoding, and problem solving than stu-
dents who do not receive such instruction. Furthermore, we hypothesized that students who com-
pare the equal sign with other relational symbols would show greater gains in conceptual
knowledge, equation encoding, and equation solving than students who learn about the equal sign
alone. Finally, we hypothesized that students who compare the equal sign with other relational
symbols would also better understand inequality symbols and improve their ability to solve
inequality problems.

Past research has shown that comparison can foster procedural learning in mathematics (Rittle-
Johnson & Star, 2007). The current study will help to determine whether or not comparison can also
promote learning of mathematical concepts. This study further addresses whether comparing multiple
concepts is more beneficial than learning a single concept in the same amount of time.
Method

Participants

A total of 112 third- and fourth-grade students (56 girls and 56 boys) were recruited from six urban
parochial elementary schools serving predominantly Caucasian middle-class families. Of these stu-
dents, 6 were excluded due to experimenter error, resulting in a final sample of 106 students. Students
were randomly assigned to lesson groups. In the comparing symbols group, there were 23 girls and 20
boys (34 third graders and 9 fourth graders). In the equal sign group, there were 16 girls and 15 boys
(23 third graders and 8 fourth graders). In the control group, there were 15 girls and 17 boys (23 third
graders and 9 fourth graders). We did not ask students to report their racial/ethnic background. Tra-
ditional mathematics textbooks were used in mathematics classes for students in this sample (e.g.,
Greenes et al., 2005).
Procedure

Students participated for approximately half an hour in an individual session consisting of a pre-
test, a lesson, and a posttest. Prior to the session, students were randomly assigned to one of the three
lesson conditions. A female experimenter conducted the sessions either on campus in a research lab-
oratory or at students’ schools in a small quiet room. In both settings, a video camera was placed to the
side in an unobtrusive space within full view of the participants.
Overview
Students completed a pretest consisting of conceptual knowledge, problem encoding, and prob-

lem-solving tasks. Students then received a short lesson and were asked to work through 20 practice
problems. Following the lesson, students completed a posttest that included all of the tasks in the pre-
test as well as additional tasks about inequalities. At no time during the pretest or posttest did the
instructor provide feedback to students on their performance on any task. All of these tasks are de-
scribed in further detail in the following sections.
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Pretest
Students first completed a problem-solving test consisting of four equivalence problems. Two of

the problems were in blank-final format (e.g., a + b + c = a + __) and two were in blank-middle format
(e.g., a + b + c = __ + c). For each problem, the experimenter asked students to solve the problem. After
students produced a solution, the experimenter repeated that solution and asked students to explain
with the prompt, ‘‘Can you tell me how you got that?” All students were able to produce solutions and
explain them.

A reconstruction task was used to assess students’ encoding of the structure of three blank-final
equivalence problems (e.g., 3 + 5 + 6 = 3 + __). Past studies of students’ encoding of equivalence prob-
lems (McNeil & Alibali, 2004) have shown that many students have difficulty in reconstructing such
equations from memory, often converting them to an ‘‘operations equals answer” format (e.g.,
3 + 5 + 6 + 3 = __), omitting the equal sign (e.g., 3 + 5 + 6 + 3), or making other sorts of errors in recon-
structing the problem structure. Students viewed each equivalence problem for 5 seconds and then
immediately reconstructed it by writing it on a blank notecard. Before beginning the task, students
were reminded that they did not need to solve the problems but rather simply needed to write them
down exactly as they saw them.

Next, the experimenter led students through three conceptual knowledge tasks adapted from Rit-
tle-Johnson and Alibali (1999): a definition task, a symbol sort task, and a statement sort task.

In the definition task, the experimenter first ensured that students recognized the equal sign by ask-
ing ‘‘Can you tell me what this is?” while pointing at a card with only the equal sign on it. All students
were able to name the equal sign. The experimenter then continued, ‘‘Can you tell me what it means?”
After that, the experimenter asked, ‘‘And can it mean anything else?” to elicit a possible second
definition.

The next task presented was the symbol sort task. Students were given a set of symbols printed on
small cards; the set consisted of two operational symbols (+ and �), three relational symbols (>, <, and
=), and two numbers (4 and 9). Students were asked to place the symbols into three groups containing
symbols that are similar according to the way we use them in mathematics.

The statement sort task involved students placing cards with 3 standard equations (e.g., 3 + 4 = 7)
and 12 nonstandard equations (e.g., 7 = 7, 7 = 2 + 5) into piles that ‘‘make sense” and ‘‘don’t make
sense.” Some of the standard and nonstandard equations were correct, and others were incorrect
(e.g., 8 � 6 = 5, 5 + 3 = 5 � 3). Students were handed each equation card separately and were asked
to sort it into one of the piles. As with the other pretest tasks, no feedback was provided. For the pur-
pose of this study, we focus on students’ sorting of the 8 nonstandard correct equations.

Lesson
Prior to the experimental session, students were randomly assigned to one of three lesson condi-

tions. The three conditions differed in the type of lesson the students received: (a) comparing symbols,
where students learned about the greater than sign, the less than sign, and the equal sign; (b) equal
sign, where students learned only about the equal sign; and (c) control, where students learned a filler
task.

In the comparing symbols lesson, the greater than, less than, and equal signs were placed in front of
students as the experimenter explained, ‘‘All three of these symbols [pointing to each] are used in
math to show a relationship between two quantities. They tell us how we can compare what is on
either side of the symbol.” The experimenter then went on to describe how each of the signs is used.
The greater than sign, followed by the less than sign, and finally the equal sign were explained indi-
vidually with the same amount of time being devoted to each symbol. After each symbol was intro-
duced, the experimenter provided an example by presenting two cards: one with two addends and
a plus sign in between and the other with a single number. Leaving a gap between the two cards,
the experimenter explained, for example, ‘‘So if the first side is 4 + 3 and the second side is 2, when
we compare the sides we see that 7 on this side is bigger or greater than 2 on this side, so we can
put a greater than sign between them,” as she pointed to each side and placed the appropriate symbol
(in this case, a greater than sign) between the cards.

After describing all three symbols and providing an example for each, the experimenter engaged
students in three more example problems. Each example problem contained a mathematical state-
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ment using one of the symbols, and students were asked to consider whether each statement made
sense or not. For example, the experimenter said, ‘‘If you have 3 + 6 on this side and 7 on this side,
would it make sense to put a greater than sign here to make this math sentence correct?” In the rare
case that students had difficulty with the problem or produced an incorrect answer, the experimenter
first asked students to solve the addition on one side and then compare the two sides by asking, ‘‘So is
this number greater than, less than, or equal to the amount on the other side?” Feedback was provided
until students produced a correct answer. Two of the three example problems were correct state-
ments, and the third was incorrect.

Following the three example problems, students were asked to complete a sheet of practice prob-
lems on their own (see Table 1 for examples). On the practice sheet, students were asked to indicate
whether 20 mathematical statements were correct or incorrect. The statements consisted of 10
inequalities and 10 equations, of which 10 statements were correct and 10 were incorrect. Both addi-
tion and subtraction statements were presented in random order. For each statement, students were
asked to circle a ‘‘C” if the statement was correct or an ‘‘I” if it was incorrect. During the practice prob-
lems, no feedback was provided unless students needed clarification of the instructions.

The equal sign lesson followed a similar pattern except that students learned only about the equal
sign in a lesson where time was equated with the comparing symbols lesson. Instead of learning about
three different symbols as in the comparing symbols group, students in the equal sign group heard
three different relational explanations of the equal sign. Each presentation of the equal sign used
slightly different words and involved student participation as in the other conditions.

After each explanation, the experimenter led students through an example. Next, the experimenter
led students through three more example problems (with feedback provided) with the format, ‘‘If
there is a 3 + 6 on this side and a 9 on this side, would it make sense to put an equal sign here?” Again,
as in the comparing symbols condition, two of the three example problems were correct and the third
was incorrect. Students were then directed to identify 20 practice equations as correct or incorrect.
The problems were the same as those used in the comparing symbols condition, with all inequality
symbols changed to equal signs, yielding 10 correct statements and 10 incorrect statements (see
Table 1 for examples). During the practice problems, no feedback was provided unless students
needed clarification of the instructions.

For the control condition, a filler lesson and practice task were created. Students were directed to
look at two cards (similar to those used in the other two conditions but with no symbol placed be-
tween them) and to determine which of the three numbers they saw was the biggest. The experi-
menter asked, ‘‘So if you have a 3 and a 4 on this side and a 6 on this side, which side has the
biggest of all three numbers?” If students added the numbers, the experimenter reminded the stu-
dents that they did not need to add them but rather only needed to choose the biggest of the three
numbers. By the end of the initial three examples, no student had difficulty in producing correct
answers. Thus, this filler task controlled for the length of time of the lesson as well as the focus on
comparing one side with another side. The experimenter led students through three more examples
Table 1
Example practice problems.

Comparing symbols Correct Incorrect
1 + 12 > 8 C I
11 � 3 < 8 C I
5 = 9 � 4 C I

Equal sign only Correct Incorrect
1 + 12 = 8 C I
11 � 3 = 8 C I
5 = 9 � 4 C I

Control
L R Left Right
1 + 12 8 L R
11 � 3 8 L R
5 9 � 4 L R
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and then presented students with 20 practice problems (see Table 1 for examples). The same practice
problems were used as in the other conditions except that one side of each mathematical statement
was located in one column and the other side was located in a second column; there were no inequal-
ity symbols or equal signs present. Students were asked to find the largest of the three numbers and to
locate which column it was in. Columns were marked ‘‘L” and ‘‘R” for left and right side, respectively.
For each statement, students circled ‘‘L” if the biggest number was in the left column or ‘‘R” if it was in
the right column.

Posttest
After completing the practice problems, all students went on to the posttest. The same tasks from

the pretest were once again administered in the same order. The posttest items were structurally
identical to those used on the pretest but used different numbers.

In addition, two tasks were used to assess inequality knowledge at posttest. These tasks were not
presented at pretest because we did not want to provide students in the equal sign and control lesson
groups with the opportunity to compare the equal sign with inequalities. The two tasks used at post-
test were an inequality definition task, in which students were asked to define the greater than and
less than signs, and an inequality problem-solving task, in which students were asked to complete four
mathematical statements containing inequality symbols (e.g., 3 + 7 > 5 + __): two with greater than
symbols and two with less than symbols. For each, students were asked to write a solution in the blank
and provide an explanation for it. At the end of the experimental session, students who did not provide
a correct solution to the last inequality problem were given a short lesson on how to solve inequality
statements.

Students who participated at their schools were given a colorful pencil as a small reward for par-
ticipating in the study. Students who participated in the laboratory were paid for their participation.

Coding

Codes for the conceptual knowledge, encoding, and problem-solving tasks were adapted from Rit-
tle-Johnson and Alibali (1999).

Problem solving
Students’ explanations of their solutions were transcribed and coded in terms of the strategies used

to solve the problems. Correct strategies sometimes led to incorrect solutions because of arithmetic
errors, so responses were coded in terms of whether or not the strategies were correct. Correct strat-
egies (making both sides of the equation have the same amount) were given 1 point, and incorrect
strategies (e.g., adding all of the numbers, adding the numbers before the equal sign) were given 0
points. There were four equivalence problems on each test, so each student received a score from 0
to 4 for pretest and posttest.

Encoding
Reconstructions were given 1 point if they contained the equal sign and plus signs in their correct

positions (i.e., a + b + c = a + __). Reconstructions with incorrect numbers or other errors that preserved
the equivalence problem structure (e.g., missing a third addend on the left side of the equation:
a + b = a + __) were also given 1 point. All other reconstructions (e.g., converting to a standard equa-
tion: 3 + 5 + 6 + 3 = __; leaving out the equal sign: 3 + 5 + 6 + 3; leaving out the right plus sign:
3 + 5 + 6 = 3 __) were given 0 points. Because there were three problems on each encoding test, each
student received a score from 0 to 3 for pretest and posttest.

Conceptual knowledge
Each of the three conceptual knowledge tasks was coded according to specific criteria for success as

described below. Success scores for each of the three conceptual tasks were combined to form an over-
all conceptual understanding score ranging from 0 to 3 (a continuous measure similar to the problem-
solving and encoding measures). This combined conceptual score, therefore, reveals the students’
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overall performance on the conceptual tasks (similar to the overall conceptual measures used in
McNeil & Alibali, 2000, and Rittle-Johnson & Alibali, 1999).

For the definition task, students were considered as successful if their definitions showed evidence
of a relational understanding of the equal sign (e.g., ‘‘It means the same as”) and as unsuccessful if they
did not (e.g., ‘‘It means the answer”). Students were considered as successful if they offered a relational
definition after either the first or second prompt for a definition.

For the symbol sort task, students were considered as successful if they grouped the equal sign
with other relational symbols (the greater than and less than signs) and as unsuccessful if they
grouped the equal sign with the operation symbols.

For the statement sort task, students were considered as successful if they correctly identified all
eight legitimate nonstandard equations as making sense (e.g., 7 = 7, 7 = 3 + 4, 3 + 2 = 6 � 1) and as
unsuccessful if they did not.

Inequality score
Inequality definitions were coded as successful if students’ responses correctly identified which

side of the statement would be greater than or less than the other side. To be considered as successful
on the task, students were required to correctly define both the greater than sign and the less than
sign. Students who confused the greater than and less than signs were also coded as correct. Students
were considered as unsuccessful if they were not able to define both symbols.

Students’ explanations for their solutions to the inequality problems were transcribed and coded as
correct or incorrect. Students were considered as successful if they correctly solved all four inequality
problems on the task and as unsuccessful if they did not.

Practice
Students’ practice scores were calculated by summing the number of practice problems correctly

recognized as correct or incorrect (or, in the control condition, the number of problems in which
the correct side of the problem was marked as greater than the other side).

Reliability

Reliability was assessed on a subset of 20% of the students (n = 22) by a second coder who was
blind to the conditions and purpose of the study. Percentage agreement between coders was 98%
for coding problem-solving strategies for equivalence problems as correct or incorrect, 98% for coding
reconstructions as correct or incorrect, 96% for coding equal sign definitions as correct or incorrect,
100% for coding inequality definitions as correct or incorrect, and 100% for coding problem-solving
strategies for the inequality problems as correct or incorrect.
Results

The purpose of this study was to determine whether a lesson that provided an opportunity for com-
parison of the greater than, less than, and equal sign symbols would foster a greater relational under-
standing of the equal sign in elementary school students than a lesson that focused on the equal sign
alone.

We used a multivariate analysis of variance (MANOVA) to test for significant differences among
conditions at pretest—conceptual knowledge (definition, symbol sort, and statement sort), problem
encoding, and problem solving—and found none (see Table 2 for pretest means and standard devia-
tions by condition). We also determined that there were no differences between third- and fourth-
grade students on any pretest measure. We then analyzed students’ posttest performance in concep-
tual knowledge, encoding, and problem solving. Finally, we analyzed students’ inequality understand-
ing at posttest. We used linear regression to analyze continuous posttest measures and binary logistic
regression to analyze categorical posttest measures.

We hypothesized that (a) the instructed groups would perform better than the control group and
(b) the comparing symbols group would perform better than the equal sign group. To test these



Table 3
Effects (in standardized betas) of predictors on equal sign and inequality understanding at posttest.

Instruction vs.
control

Compare symbols vs. equal sign
only

Pretest Practice Gender Grade

Conceptual
understanding

0.26** 0.19* 0.58** 0.15 0.04 0.04

Equal sign definition 0.65** 0.38 10.85 0.12 �0.21 1.08
Symbol sort 0.27 1.25** 12.57 0.34 1.15 0.71
Statement sort 0.65** 0.72* 3.63** 0.65** 0.49 0.21
Encoding 0.06 0.07 0.78** 0.00 �0.07 �0.02
Problem solving 0.02 0.00 0.75** �0.05 0.09 0.11
Inequality definitions 0.61* 1.59** NA 0.38 �0.57 �0.46
Inequality problem

solving
0.30* 0.62* NA 0.18 �0.68 0.61

Note. The process for obtaining standardized betas can yield values that are above or below the range of possible values; thus,
the values should not be interpreted literally but rather should be used only in making group comparisons.
* p < .05.
** p < .01.

Table 2
Unadjusted pretest and posttest means or proportions (and standard deviations) for each measure by condition.

Pretest Posttest

Comparing symbols Equal sign only Control Comparing symbols Equal sign only Control

Problem solving
(max = 4)

1.30
(1.39)

0.97
(1.56)

0.78
(1.73)

1.84
(1.84)

1.55
(1.84)

1.31
(1.65)

Encoding
(max = 3)

1.28
(1.14)

1.45
(1.18)

1.22
(1.16)

1.98
(1.20)

1.90
(1.37)

1.63
(1.39)

Definition
(max = 1)

0.42
(0.50)

0.35
(0.49)

0.31
(0.47)

0.77
(0.43)

0.68
(0.48)

0.44
(0.50)

Symbol sort
(max = 1)

0.35
(0.48)

0.26
(0.44)

0.16
(0.37)

0.63
(0.49)

0.32
(0.48)

0.28
(0.46)

Statement sort
(max = 1)

0.33
(0.47)

0.35
(0.49)

0.16
(0.37)

0.65
(0.48)

0.61
(0.50)

0.31
(0.47)

Note. Standard deviations are in parentheses. max, maximum.
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hypotheses, we used two contrasts to compare the three conditions for each outcome measure. The
first contrast (instruction vs. control) compared the two lesson conditions with the control condition,
and the second contrast compared the comparing symbols condition with the equal sign condition.
Pretest scores (e.g., problem solving or encoding at pretest), practice scores, gender, and grade were
included as predictors in the analyses as well (see Table 3 for a list of standardized coefficients for each
predictor in the analyses). The reported means and proportions were adjusted to control for other pre-
dictors included in the model. Thus, the values presented in the text and in the figures represent hypo-
thetical groups that are balanced or proportionately equal, having accounted statistically for any
variance in pretest scores, practice scores, gender, and grade. The only exceptions are the unadjusted
values presented in Table 2.
Equal sign conceptual understanding as a function of condition

Students displayed limited success on the conceptual tasks at pretest. In total, 38% of students pro-
vided a relational definition for the equal sign (8% after the first prompt and 30% after the second
prompt). When asked to sort like symbols, however, 75% of students grouped the equal sign with oper-
ational symbols instead of with other relational symbols. Thus, even some of the students who
provided a relational definition for the equal sign viewed the equal sign as ‘‘belonging” with operation
symbols. On the statement sort task, although 100% of students were able to recognize 3 + 4 = 7 as a
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correct equation and 94% of students recognized 9 � 4 = 8 as an incorrect equation, only 28% of stu-
dents successfully judged that the eight correct equations with nonstandard forms (e.g., 7 = 7,
7 = 3 + 4) make sense.

Because both the comparing symbols and equal sign lessons focused on the relational meaning of
the equal sign, we anticipated that both lessons would lead to some gains in conceptual understand-
ing; however, we expected greater gains in the comparing symbols group. We analyzed conceptual
understanding of the equal sign at posttest between groups (see Fig. 1, first three columns). Students
who received instruction had higher conceptual scores than students in the control group (M = 2.99,
SD = 0.98 vs. M = 2.09, SD = 1.00), b = 0.26, t(104) = 3.614, p < .001, d = .92. Furthermore, students in
the comparing symbols group had significantly higher conceptual scores than students in the equal
sign group (M = 3.22, SD = 0.92 vs. M = 2.68, SD = 1.02), b = 0.19, t(72) = 2.58, p = .01, d = .57. Thus,
the comparing symbols lesson promoted conceptual understanding more than the equal sign lesson.
To better understand these posttest differences in conceptual understanding, we examined each con-
ceptual task separately.

Equal sign definition
The first set of bars in Fig. 2 displays the proportion of students in each condition who produced

relational definitions for the equal sign at posttest. As can be seen in the figure, students who received
instruction about the equal sign were more likely to produce relational definitions than students who
received no instruction (66% vs. 22%), b = 0.65, z = 2.83, Wald(1, N = 106) = 8.01, p = .005, d = .61. Stu-
dents in the comparing symbols group were more likely than students in the equal sign group to pro-
duce relational definitions (74% vs. 57%), but this difference was not significant after controlling for
other predictors, b = 0.38, z = 1.06, Wald(1, N = 74) = 1.12, p = .29, d = .39.

Symbol sort
The second set of bars in Fig. 2 displays the proportion of students in each condition who grouped

the equal sign with other relational symbols at posttest. Students who received instruction were
slightly, but not significantly, more likely than students in the control group to group the symbols
appropriately (83% vs. 75%), b = 0.27, z = 1.10, Wald(1, N = 106) = 1.21, p = .27, d = .17. However,
students in the comparing symbols condition were significantly more likely to group the equal sign
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Fig. 1. Mean posttest scores for students in each condition for conceptual understanding, equation encoding, and problem
solving. Means are adjusted for other predictors in the regression models. Error bars represent standard errors.
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Fig. 2. Proportion of students in each condition who showed success at posttest in defining the equal sign, grouping the equal
sign with relational symbols, and judging nonstandard equations as ‘‘making sense.” Proportions are adjusted for other
predictors in the models. Error bars represent standard errors.
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with other relational symbols than students in the equal sign condition (100% vs. 65%), b = 1.25,
z = 2.79, Wald(1, N = 74) = 7.76, p = .005, d = .73.
Statement sort
The third set of bars in Fig. 2 displays the proportion of students in each condition who succeeded

on the statement sort task at posttest (i.e., who correctly judged all eight legitimate nonstandard equa-
tions as making sense). Students in the instruction conditions were more likely to succeed on this task
than students in the control condition (72% vs. 29%), b = 0.65, z = 3.04, Wald(1, N = 106) = 9.24, p = .002,
d = .57. Furthermore, students in the comparing symbols group were more likely to succeed than stu-
dents in the equal sign group (86% vs. 59%), b = .72, z = 1.97, Wald(1, N = 74) = 3.89, p = .049, d = .56.

A final analysis of posttest performance on all three conceptual tasks revealed that the three tasks
were positively correlated (0.20 < rs < 0.33 and ps < .05). Students who were successful on one concep-
tual task were likely to be successful on the other two conceptual tasks as well. For example, students
who successfully sorted the equal sign with other relational symbols were also likely to successfully
recognize legitimate nonstandard equations as making sense and to correctly define the equal sign as
a relational symbol.

Overall, on the conceptual tasks, students in the instruction groups outperformed students in the
control group. Students in the comparing symbols group outperformed students in the equal sign
group both overall and on two of three conceptual tasks.
Equation encoding as a function of condition

Fully 80% of students produced inaccurate reconstructions of the equivalence problems in the
encoding task at pretest. Of these students, 49% reconstructed at least one equivalence problem as
a standard ‘‘operations equals answer” equation. The unfamiliarity of the equivalence problem struc-
ture (e.g., 3 + 5 + 6 = 3 + __) may have led students to misencode the position of the equal sign (e.g.,
3 + 5 + 6 + 3 = __, 3 + 5 + 6 = __) (McNeil & Alibali, 2000, 2004).

We evaluated the number of problems correctly encoded at posttest. Fig. 1 presents the data for
encoding in the second set of bars. Overall, students who received instruction correctly encoded more
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problems than students in the control group (M = 1.85, SD = 1.27 vs. M = 1.65, SD = 1.39), but this dif-
ference did not reach significance, b = 0.06, t(104) = 0.98, p = .33, d = .15. Students’ performance at
posttest also did not differ significantly between the comparing symbols and equal sign groups
(M = 1.91, SD = 1.20 vs. M = 1.76, SD = 1.37), b = 0.07, t(72) = 1.09, p = .28, d = .12.

Overall, the groups did not differ in encoding at posttest. Although many students improved their
encoding from pretest to posttest, this improvement did not vary by condition; it appears that expo-
sure to equations, even in the absence of instruction, leads to improvements in equation encoding (Ali-
bali, Phillips, & Fischer, 2009).

Problem solving as a function of condition

Although 100% of students were able to correctly solve standard equations (e.g., 3 + 4 + 6 + 3 = __),
students’ performance on the problem-solving task with nonstandard equations (e.g.,
3 + 4 + 6 = 3 + __) at pretest was quite poor, with only 36% of students correctly answering any of
the four equivalence problems. Solving equivalence problems was largely an ‘‘all or nothing” endea-
vor, with 80% of students using correct problem-solving strategies on either all or none of the four pre-
test problems. Students’ strategies for solving the equivalence problems revealed that students
applied their knowledge of standard addition problems when trying to solve new problems. Most stu-
dents used incorrect strategies such as ‘‘add all” and ‘‘add to equal sign.” Table 4 displays the propor-
tion of students using each strategy at pretest and posttest.

We evaluated the number of problems solved using a correct strategy at posttest while controlling
for pretest scores (refer to third set of bars in Fig. 1) as well as practice scores, gender, and grade. Over-
all, gains in problem solving from pretest to posttest were minimal, with fewer than one-third of stu-
dents in each condition showing improvement. The number of equations solved by students using a
correct strategy at posttest did not differ significantly among the three groups.

Understanding of inequalities as a function of condition

In addition to learning about the equal sign, the comparing symbols group learned about the great-
er than and less than signs in the same amount of time as the equal sign group learned about the equal
sign alone. The foregoing analyses show that students in the comparing symbols group improved in
their understanding of the equal sign at a level either on par with or better than students in the equal
sign group, depending on the particular outcome measure considered. Did students in the comparing
symbols group also gain in their understanding of inequalities? We assessed this aspect of students’
knowledge only at posttest.

Defining inequality symbols
The first set of bars in Fig. 3 presents the proportion of students in each condition who accurately

defined both the greater than and less than symbols. Overall, students who received instruction were
more likely than students in the control group to accurately define both symbols (88% vs. 70%),
b = 0.61, z = 2.49, Wald(1, N = 106) = 6.20, p = .01, d = .50. As can be seen in the figure, this effect was
driven by students in the comparing symbols condition. Indeed, students in the comparing symbols
Table 4
Proportion of students using each strategy on the problem-solving task at pretest and posttest.

Description of error Pretest Posttest

Equalize Make both sides of the equation have the same amount 0.23 0.41
Add all Add all of the numbers 0.87 0.63
Add to equal sign Add all of the numbers before the equal sign 0.65 0.53
Pattern Continue a pattern in the addends 0.07 0.06
Add to equal and add all Add all of the numbers of the equal sign, write that

answer in the blank, add the solution to the last addend,
write in another equal sign and blank sign, and write in final solution

0.02 0.01

Note. Proportions do not add to 1 because many students used two strategies.



0.00

0.10
0.20

0.30

0.40

0.50
0.60

0.70

0.80
0.90

1.00

Definitions Problem Solving

Pr
op

or
tio

n 
of

 S
tu

de
nt

s 
Su

cc
es

sf
ul

 a
t

   
   

In
eq

ua
lit

y 
Po

st
te

st
 (A

dj
us

te
d)

Comparing
Single
Control

Fig. 3. Proportion of students in each condition who correctly defined inequality symbols and solved inequalities. Proportions
are adjusted for other predictors in the models. Error bars represent standard errors.
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condition were significantly more likely than students in the equal sign condition to accurately define
both symbols (99% vs. 75%), b = 1.59, z = 1.60, Wald(1, N = 74) = 6.75, p = .009, d = .79.

Solving inequalities
We also examined students’ performance at solving inequality problems. Students tended to use

the same strategy when solving the inequality problems (91% of students used the same strategy
for all four problems, i.e., all correct or all incorrect), and so the second set of bars in Fig. 3 presents
the proportion of students who correctly solved all four inequality problems in each condition. Overall,
students who received instruction were more likely to correctly solve the inequalities (55% vs. 31%),
b = 0.30, z = 1.97, Wald(1, N = 106) = 3.92, p = .048, d = .50. Again, this effect was driven by students
in the comparing symbols group, who were more likely than students in the equal sign group (68%
vs. 38%) to correctly solve the inequalities, b = 0.62, z = 2.23, Wald(1, N = 74) = 4.99, p = .025, d = .65.

Overall, students in the comparing symbols condition who received a lesson in which they had the
opportunity to compare the equal sign with inequality symbols showed greater gains in inequality
understanding than students in the equal sign condition who received a lesson of the same length that
was solely about the equal sign.

Discussion

Empirical summary

This study is the first to evaluate whether instruction that provides an opportunity for comparison
is more effective for students’ learning of a mathematical concept than instruction that does not foster
comparison. As predicted, a comparing symbols lesson promoted better understanding of the equal
sign in elementary school students than an equal sign lesson. More specifically, students who com-
pared the equal sign with the greater than and less than symbols showed greater conceptual under-
standing of the equal sign at posttest than students who learned about the equal sign alone or not at
all. In particular, students in the comparing symbols group were better able to group together rela-
tional symbols and were more likely to correctly recognize nonstandard equations as making sense.
Students in the comparing symbols group and the equal sign group showed comparable performance
at defining the equal sign, encoding equivalence problems, and solving equivalence problems.

Students in the comparing symbols group also showed greater understanding of inequality sym-
bols than students in the equal sign group. They were better able to define the inequality symbols
and to solve inequality problems. Overall, by comparing relational symbols, students gained deeper
conceptual knowledge not only of the equal sign but also of inequality symbols.
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How did comparison promote learning?

In this study, students in the comparing symbols group were more likely than other students to cat-
egorize the equal sign with other relational symbols at posttest. Thus, the lesson seemed to promote stu-
dents’ forming a category of symbols that express relations between quantities. It seems likely that
students had learned, at some point in their elementary school education, that the equal sign conveys
a relation; however, before the lesson, many students did not view this as a crucial feature of the equal
sign. The comparing symbols lesson appeared to highlight ‘‘conveying a relation” as a key defining fea-
ture of the equal sign—one that could serve as a basis for deciding which symbols ‘‘go together” in the
symbol sort task. Of course, it is possible that students’ sorts may simply reflect the fact that the equal
sign was presented with inequality symbols in the comparing symbols lesson; however, students’ ability
to sort relational symbols was also correlated with their ability to define the equal sign as a relational
symbol and to recognize nonstandard equations as making sense. Perhaps the ability to group together
relational symbols is a first step in understanding the similar meanings of these symbols.

When students performed inaccurately on the symbol sort task, they grouped the equal sign with
operation symbols. This type of sorting may reflect students’ experience with equations that contain
the equal sign and at least one operation symbol. A comparison-based instructional technique may
allow students to create new associations between the equal sign and other relational symbols and
thereby promote students’ forming a category of relational symbols and applying a relational interpre-
tation to the equal sign. Students who have a weak understanding of relational symbols more gener-
ally may also benefit from comparing the equal sign with other relational symbols, strengthening their
understanding of all types of relational symbols and not solely the equal sign.

Students in the comparing symbols group were also more likely than students in the equal sign
group to correctly recognize nonstandard equations as making sense. Students who begin to view
the equal sign as conveying a relation between quantities should be especially likely to recognize that
equations are valid even if they do not follow the standard a + b = c format. The lesson seemed to pro-
mote a more flexible understanding of equations.

Relatively few of the students in the comparing symbols group improved in solving or encoding
equivalence problems, and the same was true for students in both of the other groups. We know that
students who hold a relational understanding of the equal sign are more likely to correctly solve
equivalence problems (Knuth et al., 2006); therefore, we anticipated gains in both procedural and con-
ceptual knowledge. The two forms of knowledge are closely linked; indeed, the use of correct proce-
dures is sometimes taken as an indicator of conceptual understanding (Prather & Alibali, 2009).
Despite these close ties, however, it may be that when comparing procedures, gains in procedural
knowledge are more likely (e.g., Rittle-Johnson & Star, 2007), and when comparing exemplars of a con-
cept, gains in conceptual knowledge are more likely, as seen in this study.

It is possible that, for a conceptual lesson to lead to gains in encoding and procedural knowledge, a
stronger or lengthier manipulation may be required. Alternatively, more time for processing or knowl-
edge integration may be needed. With time, the consolidation of conceptual knowledge could lead to
better encoding and to generation of correct problem-solving strategies.

It is also possible that students demonstrated poor encoding and problem-solving performance be-
cause the symbolic equivalence problems elicited procedural schemas for solving the problems that
were resistant to change in response to newly gained conceptual knowledge. For many students, the
‘‘add all” strategy is quite strongly entrenched and difficult to let go of (McNeil & Alibali, 2005b). Mea-
sures of encoding and problem solving in nonsymbolic formats (Sherman & Bisanz, 2009) might reveal
greater knowledge because they may be less likely to recruit entrenched incorrect approaches.

In the comparing symbols lesson, students were provided with an opportunity to compare the
equal sign with other relational symbols. Students were invited to make this comparison through
symbols presented together and through mixed practice with inequalities and equations. Although
students were given ample opportunity to compare and contrast the ways in which these symbols
were used, it is not clear exactly how students actually compared the symbols. Comparison could have
occurred when students were informed of the meaning of each symbol and realized that the equal sign
was similar to the greater than and less than symbols. Students with a more abstract general concept
of relational symbols may have compared the equal sign not with the individual inequality symbols
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specifically but rather with their general concept of relational symbols, perhaps adding the equal sign
to this abstract category. Comparisons could have been made later as well when students compared
the use of inequality symbols with the use of the equal sign in solving problems using the symbols.
Because the lessons simply allowed the comparisons to be made and did not explicitly compare the
symbols for the students, it is not clear which type of comparison was most beneficial: comparing
one exemplar of a concept with another, comparing an example with the overarching concept, or com-
paring one problem with another problem. This study invites further examination of how different
types of comparisons may differentially foster learning.

Educational implications

Our findings suggest that a comparison-based approach to instruction can be applied in instruction
about mathematical concepts; indeed, it may be particularly beneficial for concept learning. Past stud-
ies of instructional approaches that serve to highlight comparison, such as contrasting cases instruc-
tion, have not focused on learning of mathematical concepts. A few past studies have assessed the
effects of comparison on conceptual understanding when learning a mathematical procedure; how-
ever, the results are mixed because few studies have used measures that are appropriate to gauge con-
ceptual understanding. The current study provides empirical support for the notion that comparison
can indeed facilitate learning of mathematical concepts.

Lessons that direct students’ attention to similarities between previously learned exemplars of a
concept and a target concept may help students to discern key features of the examples and, in so
doing, to gain a deeper understanding of both the known concept and the target concept. In this study,
through a lesson comparing inequality symbols with the equal sign, students improved their under-
standing of both types of symbols and appeared to form one larger category of relational symbols that
ties together the common aspects of inequality symbols and the equal sign. Although a lesson focusing
on the equal sign alone may seem direct and easy for students to grasp, a lesson comparing the equal
sign with inequalities allowed students to better understand the three symbols as related concepts
and, at the same time, to better understand each symbol individually.

Limitations

Some limitations of this study must be acknowledged. First, the study was conducted in a one-on-
one instructional setting. Future research will be needed to determine whether the findings ‘‘scale up”
to classroom lessons or other sorts of instructional settings.

Second, we did not find beneficial effects of comparing symbols instruction on equation encoding
or equivalence problem solving as we had expected. It is possible that if we had tested students’ prob-
lem solving at a later time, such effects might have been observed. Future research should look in
more detail at change in knowledge over time as a function of instruction that involves comparison.
Future research should also use outcome measures in nonsymbolic formats because such measures
may be more likely to reveal subtle changes in learners’ knowledge than measures in symbolic format
such as the ones we used in this study.

Third, the comparing symbols lesson was not beneficial for every student. Despite the one-on-one
lesson, some students still did not display a relational understanding of the equal sign at posttest. It
may be that, like other types of instruction, comparing symbols is most beneficial for students whose
incorrect operational view of the equal sign is less deeply entrenched (McNeil & Alibali, 2005b). Future
research is needed to test this hypothesis.
Conclusion

Despite these limitations, the current findings are important because they show that comparison
can promote understanding of mathematical concepts. Specifically, a lesson in which elementary
school students compared inequality symbols and the equal sign facilitated a relational understanding
of the equal sign more than a lesson in which students learned about the equal sign alone in the same
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amount of time. Thus, a comparison-based instructional method can be of value in teaching and learn-
ing mathematical concepts.
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